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In order to calculate the resiaual stresses in :. flat sheet of glass during annealing on the basis 
of its thermal history, the viscosity and coefficient of therma! expansion must be determined 
throughout the transformationtange, The structural madifications of the material are taken into 
account by using the fietive temperature concept. Three constitutive assumptions for the rate 
of the fietive temperature are discussed. A very good agreement is obtained between measured 
and calculated residual stresses. 

1. Introduction 

The aim of the present paper is a correct evaluation of the residual stresses pres- 
ent in a flat sheet of glass at the outlet of the annealing lehr, on the basis of its ther- 
real history. 

It is weU-known that the residual stresses result f, om the combined effect of 
transient thermal shesses during cooling, and the simultaneous stress relaxation in 
the transformation range. A precise evaluation of the viscosity and coefficient of 
thermal expansion thrc lghout the transformatiot~ range is, therefore, essential for 
calculating the residual stresses. The relatively high temperature rates eacountered in 
annealing lehrs maintain the sheet of glass far from a state of equilibrium, and the 
modifications of the structure imply a strong dependence of the structural proper- 
ties upon the thermal history. 

A familiar concept for evaluating the structural properties in the transformation 
range is the jictive temperature introduced by Tool [ 1 ]. The fictive temperature, 
which has been the object of some criticism (see for example Ritland [2]), proves 
an effective means for calculating the transient and residual stresses, however. Exper- 
iments on a soda-lime glass performed by De Bast and Gilard [3, 4], have shown 
that the use of the fictive temperature as a single parameter for the state of the struc- 
ture is adequate for evaluating structural properties with a good accuracy. In the 
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present pa~,er, we wish to characterize a constitutive assumption for the ficfive ~emp. 
erazure as a function Gf thermal history on the basis of data collected by De Bast 
and Gilard. 

in sect. 2, we recall some basic results on the thermoviscoelastic character of glass 
in the transformation range. The concept of fictive temperature is introduced, and 
we discuss the form of the constitutive assumption for the rate of fictive tempera- 
ture. Two laws are retained, each of which necessitates the evaluation of two materi. 
al constants. 

In sect. 3, we evaluate these constants, and the procedure used for that purpose 
is explained in detail. 

In sect. 4, we apply our constitutive assumptions to the calculation of residual 
stresses in industrial annealing processes with a known thermal history; the numeri- 
cal procedure has been explained in two earlier papers by Crochet and Tacke|s 
[5, 6], where more references may be found. We find very good agreement belween 
the measured and calculated values of the residual stresses. 

2. Basic results 

Experimental observation silows that, under isothernuff conditions, glass behaves 
like an elastic material in the glassy state while, in the transition range, ils mechani- 
cal benavior is adequately described by the theory of linear isotropic viscoelasticity. 
Let o o. be the components of the stress tensor in a fixed rectangular coordinate sys- 
tem, and let Sij , S denote its deviatoric and spherical components, respectw~y. Simi- 
larly, let eli and e represent, respectively, the devmtori~, and spherlcaJ components 
of the infinitesimal strain tensor, the components of which are detoured by e-~j, The 
stress-strain relations of hnear isothermal viscoelasticity may be writlen as follows: 

t Oeij(t') dt' 
sff ( t )  = 2U 0 f a,' 

t 

s(t) -- sk o f  2(t- t') dt' ~t' 

where/Jo is the shear modulus, and k 0 is the modulus of compression; ~ l¢t) and 
ff2(t) are the relaxation functions in shear and pure dilatation, respectively. 

Eqs. (2.1) apply in the transition range under isothermal conditions, when the 
glass has reached the equilibrium state. Practical applications require, however, the 
description of its mechanical behavior under non-isothermal conditions; it can be 
verified experimentally that, within a good accuracy, glass obeys the temperature- 
time equivalence and behaves like a thermorheologically simple material. Thus, eqs 
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(2.1) become, under non-isothermal conditions, 

?Jeij(t') dt' 
sii(t) = 2/aO ¢1 (~j - ~') at' ' 

t 

s(t)= 3k 0 f ~2(~-~')O ~ [e(t ')-a(t ')]dt ', 

(2.2) 

where a(t) is the coefficient of thermal expansion, and/j, ~' are modified times cor- 
responding to t and t ', respectively. The thermorheologically simple hypothesis im- 
plies the adoption of an average value for the moduli in shear and compression 
throughout the considered range of temperature. 

An earlier paper [61, showed how the modified time scale ~j may be evaluated 
under a non.uniform temperature history by means of the integral 

[" dr, (2.3) 
r/o 

= : 

0 

where r~(r) is the viscosity at time r, while r/o is the equilibrium viscosity at a ref- 
erence temperature T o. In particular, when T(r) keeps the constant value T o, ~(t) 
is identical to t. 

in view of eqs. (2.2) and (2.3), we see that the thermomechanical behavior of 
glass in the transition rangy is fully determined by the knowledge of the constants 
PO, k0, and of the relaxation functions ~kl(t), ~k2(t) at a fixed reference temperalure 
T 0, together with the values of rl and a as a function of time. We will assume through. 
out the rest of this paper that the temperature field is known as a flmction of space 
and time. The main problem consists in determining the viscosity and the coefficient 
ot th~.rmal e 'pansion for a g;ven tempe¢ature history. 

The evaluation of a physical property is relatively easy in two limiting cases. 
When the temperature variation is very slow, the glass remains in equilibrium through. 
out the transformation range, and the physical property can be evaluated in isother- 
mal experiments. When the temperature variation is very rapid, with a rate encount- 
ered in quenching experiments for example, structural variations may be neglected 
in the calculations, and the physical property is subject to a thermal variation. Ther- 
mal variations can be evaluated from experiments involving a rapid temperature 
change. 

In between these limiting cases, it is possible to relate the value of a physical prop- 
erty to two parameters: the actual temperature T, and a fictive, or structural temper- 
ature Tf, i.e. we have, for a physical property p, 

p( t )  = e[7 t), (2.4) 
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When T equals TI, the right-hand side of eq. (2.4) reduces to the form of P at equili- 
brium; for Tf fixed, we obtain the thermal variation of p with respect to the actual 
temperature. In the Appendix, we give the refractive index, viscosity, and coeffi- 
cient of thermal expansion as a function of T and Tf for the glass being considered 
here. 

Tool's hypothesis consists of two parts: (i) for each time t, a commoT~ value of 
the fictive temperature Tf exists for every physical property, of the glass in the trans- 
formation rmlge; (ii) the fictive temperature rate is proportional to the difference 
between the fictive and the actual temperatures, and inversely proportional to the 
actual viscosity. The fictive temperatm e rate is then given by 

[r-to rc ro ] 
dTf = a exp + ( T -  Tf), (2 5) 
dt g h 

where g, h, A are material constants. 
Although the adoption of a single ordering parameter Tf has been the object of 

some criticism?, the experimental Jesuits obtained by De Bast and Gilard [4] exhi- 
bit a satisfactory convergence among the values of Tf calcuJated on the basis of dif- 
ferent physical properties of a single sample. Moreover, the adoptioh of a single par- 
ameter Tf greatly simplifies the calculation of transient and residual stresses. 

From De Bast and Gilard's experimertal results, it appears that the linear depen- 
dence of d T f / d t  upon the difference ( T -  Tf) is unduly restrictive for 1,rge tempera- 
ture variations. Following Ritland [71, we will consider, instead of eq. (2.5), the 
following law for the fictive temperature rate, 

dT = exp + - ] ' ( r -  7}) (2.6) g h ' 

where T O is a fixed reference tem~ arai ,e (5g0°C throvdtout the rest of the paper) ; 
for the glass sample being considered here, the values ofg and h have been deter- 
mined experimentally in ref. [41, and are given in the Appendix. 

When the glass is in a state of isothermal equilibrium the actual and fictive tem- 
peratures must be equal, and thus we have 

J(O)= O. (2.7) 

Let us consider a polynomial expansion of t'(T-- Tf) in the neighborhood of the 
origin, and write 

f ( r -  rf) =a(r- rf) + b ( r -  rf) 2 + e ( r - -  rp 3 + . . . .  (2.8  

t See for example Ritland [ 2 ]. 
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in Tool's equation (2.5), only the first term on the right-hand side of eq. (2.8) is 
retained. In an earlier paper [5], we assumed that the function fwas quadratic in its 
argument, 

f (T . -  Tf) = a (T -  Tf) + b ( T -  Tf) 2, (2.9) 

where a and b are positive constants. Eq. (2.9) is however not satisfactory for large 
temperature variations: during annealing. T is lower than Tf and, for large vMues of 
iT- 7~1, eqs. (2.6) and (2.9) would lead to an increase of Tf with time. 

In the presea',, paper, we wish to consider functions f ( T -  Tf) which are odd in 
their argument. If even terms are omitted in the third-order polynomial (2.8), we 
obtain, 

./3(T- 'If) =A3(T-  Tf) + BaiT-  Tf) 3. (2.10) 

Alternatively, we will consider a function which has been suggested by Ritland [7], 

fT~T- Tf) = ( T -  Tf) [,4 2 + B 2 IT- Tfll . (2.11) 

~,n sect. 3 we evaluate the pairs (A 2, B2) and (A 3, B3)on the basis of experimen- 
tal observations. 

3. Nature of the function f ( T -  Tf) 

We wish to evaluate the constants A2, B 2 in eq. (2.11) and A3, B 3 in eq. (2.10) 
on the basis of two series of experiments reported earlier by De Bast and Gilard in 
ref. [4], where a detailed account may be found. 

The first series of experiments consist in the isothermal stabilization of a sample 
of glass which is brought rapidly to the constant temperature T 2 from a state of 
equilibrium at temperature T 1 . The refractive index n i~ measured as a function of 
time during the apl.~oach to equilibrium at temperature T 2. Table I gives, for each 
of 19 experimental curves, the initial and final temperatures T 1 and T 2, and the 
number M of measured experimental points. 

In a second ,~eries of experiments, a sample of #ass is cooled or heated at a con- 
stant rat~ between an initial state of equilibrium at temperature T l and a final tem- 
perature T 2. The viscosity ¢/is measured as a function of time. Table 2 gives, for 7 
experimental curves, the initial and final temperatures T 1 ~nd T2, the rates of heat. 
ing or cooling, and the number M of experimental points. 

Since T and n (or ~/) are known as a function of time for each experimental curve, 
it is possible to calculate Tf as a function of time by using eqs. (A.6) and (A.7) given 
in the Appendix. Fig. 1 shows, for curve 13 of table 1, the values of Tf as a function 
of time. 
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Table 1 
Experimental data of isothermal s.~abdisu:ion. 

Curee TI(°C) Tz(°C) ~T M 

1 509.9 541.4 +31.5 17 
2 520.3 526.0 + 5.7 23 
3 514.6 524.5 + 9.9 ~9 
4 500.8 524.3 +23.5 2! 
5 510.1 529.9 +19.8 3C 
6 498.8 509.9 + I I. I 37 
7 524.4 518.1 - 6.3 20 
8 524.5 314.6 - 9.9 2I 
9 519.5 509.4 -10.I 45 

10 509.9 499.5 - 10.4 40 
11 524.3 511.0 - I  3.3 22 
12 509.4 492.9 - 16.5 41 
13 530.1 510.3 -19.8 33 
14 529.9 509.9 -20.0 4 I 
15 540.6 520.3 -20.3 33 
1~6 524.9 503.6 -21.3 21 
17 526.0 500.0 -26.0 62 
18 539.6 511.0 -28.6 28 
19 541.4 510.1 -31.3 33 

Eq. (2.6) suggests that,  in order to evaluate the functi¢,~ f ( T  TrL a plot ~hould 

be made of  exp [ -  [ ( T -  To)/g ] - [ ( T  r - T O )fit l] dTf ld t  against ( 7 ' -  Tf). This procedure 
is quite imprecise, since, as may be found by inspection of  fig. | ,  it is hard to dec "r- 

mine dTf/dt from the experimental  points. 
'We have thus chosen a different approach which is much more satisf~,ctory, ~d- 

though it involves extensive calculations. A rectangular array is selected for the 

values o f A  3 a n d B  3 in eq. (2.10). For each pair ( A 3 , B  3) of  ~he array, aI~d for each 
experimental  curve, a numerical integration o f  eq. (2.6) provides the va:~ues of Tf as 

Table 2 
Experimental data for samples cooled or heated at constant rate. 

Curve Tt (o C) T2 (° C) Rate AT M 
~°C/min) 

1 ~ 1 I. 1 541.2 +0,107 +30,1 36 
2 501.7 539.4 +0.108 +37.7 30 
3 500,6 540,2 +0,107 +39°6 23 
4 524,5 484,6 -0,110 - 39,9 63 
5 5 31.3 499.5 -0.262 - 3I .8 47 
6 535.5 504.3 -0.204 -31.2 49 
7 529.7 510.1 -0.110 -19.6 32 
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Fig. 1 Experimental a,d calculated values of ~he flctive tempcratt~re Tf. 

a function of time on the basis of eq. (2.10) and the known values of Tas a function 
of time. For example, fig. 1 exhibits, for curve 13 of table 1, the calculated values 
of Tf as a function of time for the pairs 

A 3 = 10-2 h- l ,  o B 3 - 0.4 X 10-4(h deg C2) -1, 

and 

A 3 = 2 X 10-2h - l ,  B 3 -- 10-4 (hdegC2) -1 " 

For each pair (A 3, B3) of the array, we Sen proceed to an evaluation of the er- 
ror between the calculated and measured values. Let E(0 be the difference between 
the calculated and measured values of Tf at the experimental point i on the curve m. 
For that curve, the average error is defined as 

M 
= 

i=2 

At the first experimental point of each curve, we assume that T = Tf, and thus E(1) 
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Table 3 
Average errors (in °C) for pairs 64 3, B3). 

B3 0 2x10 -s 4x10  -s 6x10 -a 8x10 -s I0 -4 

0 - 4.88 3.35 2.64 2.30 2.26 
0.5 x 10 -2 4.85 2.74 2.06 1.83 1.88 2.07 
1.0 x 10 -2 2.99 2.06 1.81 1.86 2.04 2.29 
1.5 x 10 -2 2.29 1.93 1.94 2.12 2.36 2.62 
2.0 x 10 -~ 2.14 2.09 2.23 2.45 2.70 2.98 
2.5 × 10 -2 2.25 2.34 2.54 2.78 3.05 3.37 

vanishes; this justifies the use o f ( M - l )  in (3.1). 
For each pair (A 3, B3), we calculate the average E l of the E m values correspond- 

ing to the curves of table 1; similarly, Eli denotes the average of the E m values of 
table 2. Since in our final choice of the pair (A 3, B3) we wish to give the same 
weight to both series of experiments, we define 

E" +t;n); (3,2) 

the value of E for each pair (,4 3, B3) is shown in table 3. We hnd thz*~ the surface E, 
considered as a function of A 3 and B 3 ) is quite fiat for 

0.5X 10 .-2 ~ A  3 ~ 1.5 X 10-2; 2× I0 ~s g;B 3 ~ ; 8 ×  i0 ~5. (3,3) 

Closer value~ of the pairs (,4 3, B3) show that the minimum value of E is obtained 
for the pair 

A 3 = 0.8X 10 -2 h - I .  ) B 3 = 5 X 10 -5 (h degC2) -1, (3.4) 

and the corresponding error is 

E -- 1.780C. (3.5) 

Table 4 shows the values of E obtained when calculations similar to the above 
are performed on the basis of eq. (2.11). Here again the surface is quite flat; the 
minimum value of E is 

E = 1.81oC 

for the pair 

A 2 = 0 . 3 X 1 0  - 2 h  -1; B 2 = 1.3 X 10 -3 (h degC) -1 . 

(3.6) 

(3.7) 
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Table 4 
Average errors (in °C) for pairs (/i2, B2). 

0 0.5 x 10 -3 1.0 x 10 -s  1.5 x 10 -3 

= . . . . . . .  

2.0 x 10 -3 

0 - 3.67 2.15 1.83 1.97 
0.5 × 10 -2 4.85 2.35 1.82 !.91 2.24 
1.0 X 10 -2 2.99 1.94 1.93 2.21 2.56 
1.5 X 10 -2 2.29 2.00 2.19 2.53 3.06 
2.0 × 10 -2 2.14 2.20 2.50 2.85 3.55 

The minimum errors obtained on the basis of eqs. (2.10) and (2.11), respectively, 
differ very slightly. We point out that .he values in eqs. (3.4) and (3.7) have been 
calculated on the basis of experiment:,, for which the temperature differences lie be- 
tween 5°C and 40°C; the value of/ ' (7-Tf) is thus strongly dependent upon the 
second term on the right-hand side of eqs. (2.10) and (2.11). This explains the dis- 
crepancy between the optimal values ofA 3 and A 2. 

Finally, we observe that the minimum error obtained on the basis of Tool's law 
(2.5) is obtained from the first coh, mn of table 3 and 4; the optimal value of A is 
given by 

A = 0.2X 10 -1 h - l  , ( 3 . 8 )  

and the error is 

E = 2.14°C, (3.9) 

which exceeds E in (3.5) by 20%. 

4. Calculation of residual stresses 

In order to verify the applicability of eqs. (2.10) and (2.11) for calculating the 
residual stresses generated during annealing of flat glass, we have collected detailed 
data from several industrial measurements. Before proceeding with the calculations, 
and on the basis of the quality c~f the data, we have retained 16 curves which give 
the value of the. temperature as a function of time on the faces of a glass sheet in the 
annealing lehr. for each curve we know, through photoelastic measurements, the 
value of the residual stresses in the thickness of the sheet after cooling at room tem- 
perature. The thickness of the sheet varies from 2.85 mm to 18°82 mm. 

The temperature field inside, the sheet is calculated from a numerical integration 
of Fourier's law of heat conduction, 
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Table 5 
Calculation of residual stresses. 

Thickness 
(mm) 

3 2 
3 2 ac. ~ oca  1 

ameas °cal °cal 
++ram 2 ¢g/mm 2) (g/mm 2) trg+ ) Omeas ameas 

2.85 97 65 64 0.67 0.66 
3.85 131 105 10g 0.80 0.79 
4.15 105 99 98 0.94 0.93 
4.90 124 I 18 116 0.95 0.9 3 
5.94 112 120 121 1.07 1.08 
6.02 142 137 136 0.96 0.96 
6.16 161 149 148 0.92 0.92 
6.90 165 186 183 | .I 3 1.1 I 
8.09 206 226 224 1.10 !.09 
9.88 244 290 287 1.19 I. 18 
9.92 217 164 166 0.75 0.76 

10.14 225 253 253 1.12 1.|2 
12.00 285 338 338 I .I 8 I. ! 8 
12.00 236 236 237 1.00 1.00 
15.27 334 346 349 1.03 I++04 
18.82 431 619 623 1.43 1+44 

~T 
a-7 = gzXT,  4.1) 

where A is th~J Laplacian operator, and K is the lhemlal diffusivity. The temperature 
is known on the faces of the sheet. The numerical procedure for calculating the 
transient and residual stresses has been given in an earlier paper [5] : the numerical 
values necessary for the calculations are given in the Appendix. 

Table 5 shows, in the first column, the thickness of the sheets in ram; in the 
second column, we indicate the respective values of the residual stresses measured 
on the middle plane of  the sheet. The third and fourth columns give the values of 
the calculated residual stresses; 03 corresponds to eq. (2.1 O) with (A 3+ B 3) given by 
eq. (3.4), while a 2 corresponds to eq. (2.11) with (A2, B2)g~ven by (3.7), The fifth 
and sixth columns show the ratios of the calculated residual stresses to the measured 
residual stresses. 

These results are summarized in table 6, where we indicate the average value of 

Table 6 
Summary of table 5. 

Equation Average ratio oc/o m Standard deviation 

2.10 1.017 0.180 
2.11 1.013 0.182 
2.5 0.911 0.153 
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the ratios and the corresponding standard deviation obtained from eqs. (2.10), 
(2.11) and (2.5) ~ithA given by eq. (3.8). Here again, we find that the average ratios 
oclo m do not differ in any significant way when either eq. (2.10) or eq. (2.11) is 
used for calculating Tf. The use of Tool's equation (2.5) leads, however, to an aver- 
age error of 9%. We conclude that the use of a modified Tool's equation (2.10) or 
(2.11) proves to be a good means of calculating the residual stresses in a fiat sheet 
of glass. 
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Appendix 

The soda-lime commercial sheet glass being considered here has the following 
composition: 

SiO2 : 72.22% Fe2Oa : 0.1!5% 
Na20 13.71 A1203 1.09 
K20 0.23 As203 0.02 
CaO 8.01 TiOa 0.03 
MgO 4.04 SOa 0.40 
MnO 0.04 

The reference points measured with a Chevenard dilatometer have the following 
values: 

Strain point : 442°C 
Transformation point : 5.54°C 
Softening point : 591°C 

The relaxation functions ~kl(t), $2(t) are assumed to be identical, and are given 
by 

~kl(t ) = ~2(t) = exp [-(K t/r~)b ], 

where 

K = 0.302 X 1012 g/cm.sec 2, b = 0.5435. 

(A.I) 

(A.2) 
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The material constant~/'to, k0 ~.re given by 

u 0 = 2682 kg/mm 2, k o = 4080 kg/mm2; (A.3) 

Young's modulus and Poisson's ratio are, respectiveIy, 

E = 6600 kg/mm 2, v = 0.23.  (A.4) 

The thermal diffusivity is given by 

~: = 0.0045 cm2/sec. (A.5) 

The refractive index, the viscosity, and the coefficient of thermal expansion may be 
expressed as a function of T and Tf as follows; 

n(T, Tf) = n o - 2.32 X 10-5(rf - TO) + 0.48 × 10-5(T - Tf), (A.6) 

logv/(T, Tf) = logv/0 - 0.0592(Tf- TO) - 0 .0280(T-  Tf), (A,7) 

o~(T, Tf) = ot 0 + 3.47X IC-5(Tf - T0)+ 0.97 X lO-5(r-Tp, (A.S) 

T and Tf are expressed in degC. 
The rate of the ficfive temperature is given by 

dr, 
-dr ~- = e x p  I (T-  ro)/g + (T r ~- r 0 ) / h l f l T -  rf), (A.9) 

with 

1= 0.0644(deg C)_1 l =  0.0718 (degC) -|  (A.IO) 
g ' h 

and t is given in hours. 
When ¢q. (2.10) is used, the function f(7"- Tf) becomes 

f ( r -  rf) = ( r -  Tf)[0.8x 10 J2 + S x ~,0-s(r- Tf?l, 

and (2.11) leads to 

s'(r- rf)= ( r -  rf) lo.3 × io -2 + 1.3 × 10-3iT- Tfll. 

If Tool's law (2.5) is adopted, we have 

f (T  - Tf) = 0 . 0 2 ( T -  Tf). 

(A.l 1) 

(A,12) 

(A.13) 
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